Bell state measurement (BSM) plays a vital role in quantum information. There are many researches on BSM of qubit Bell state, however, there is no definite solution of how to realize highdimensional Bell state measurement (HDBSM). In this paper, We present a scheme for realizing arbitrary high-dimensional two-particle Bell state measurement by auxiliary entanglement. In our scheme, the maximal entangled states with different degrees of freedom (DOF) are used as auxiliary states, and then the HDBSM can be achieved by implementing Bell measurement with different degrees of freedom. We present the detailed HDBSM scheme for three and four-dimensional Bell state, and the general formula for arbitrary high-dimensional Bell state. Furthermore, We have designed the experimental scheme for three-dimensional BSM, and given the method of arbitrary dimension. This method can promote the high-dimensional quantum information task.
BSM as a crucial measurement in quantum mechanics, is widely used in quantum information tasks, such as quantum teleportation [1] [2] [3] , superdense coding [4] [5] [6] , quantum computing [7] [8] [9] , etc. BSM has been implemented in many systems [10, 11] , especially in linear optics. However, a complete BSM can not be achieved with linear optics [12, 13] with current technology. For many years, researchers have been working for achieve a complete BSM with linear optics. For example, twodimensional complete BSM can be achieved by local measurement using OAM as an auxiliary entanglement [14] . Or one can use time bin as an auxiliary DOF to complete BSM [15] .
In the field of quantum information, high-dimensional entanglement has many advantages over two-dimensional entanglement, such as higher information capacity, enhanced robustness against eavesdropping and quantum cloning [16, 17] , larger violation of local-realistic theories and its advantages in quantum communication [20, 21] . Therefore, the development of high-dimensional entanglement has become a hot research in quantum information. HDBSM, as the most important tool for studying high-dimensional entanglement, has also attracted extensive attention. However, there has no definite method to the implementation of HDBSM with linear optics.
In this paper, we present a method for completing arbitrary HDBSM via auxiliary entanglement. HDBSM of system state can be accomplished by BSM of different DOFs on single-particle, which has a great advantage, because in linear optics, it is much easier to complete a BSM with two degrees of freedom on a photon. We derive the three and four-dimensional entanglement BSM scheme, and extend the method to arbitrary HDBSM. Furthermore, we designed an experimental scheme for three-dimensional BSM.
We define the three-dimensional system state ψ d ij as
here, i, j represent the subscript of system state, and d represent the dimension of system state. The threedimensional auxiliary state ϕ 3 is defined as
where a, b, c are at different DOF with 0, 1, 2. In our scheme, nine system states can be distinguished in a hyperentangled state of the form ψ 3 ij ⊗ ϕ 3 . With the auxiliary entanglement, the hyperentangled states can be rewritten as a superposition of combinations of single photon Bell states:
Here, α is defined as decomposition state; k, m, k ′ , m ′ represent the subscript of decomposition state.
The three dimensional decomposition state α 3 km has the form:
In our scheme, one rule of constructing decomposition state α 3 km must be mentioned. In the three-dimensional decomposition states, α As same form as ψ a unique superposition of nine of 81 possible combinations of decomposition states. Therefore, the nine threedimensional hyperentangled states can be distinguished according to their unique decomposition form. We present the decomposition form of nine three-dimensional hyperentangled states in the TABLE I.  The TABLE I can be summarized as an equation
here, i, j represent the subscript of three-dimensional system state; α Because SPDC satisfying OAM conservation, thus the state prepared by SPDC comes to be (|00 + |11 + |22 ) ⊗ (|aa + |bb + |cc )/3. Through the unitary operation on one photon's path DOF, we can change the system state into 9 Bell states. (c) Path-OAM BSA. It is the realization of three-dimensional BSM for single-photon with different DOFs (path and OAM). We convert the OAM DOF into path DOF by splitting the beam according to its OAM, and then the BSM between two DOFs can be completed by appropriate path distribution and unitary operation.
higher dimensions.
We verified the two-dimensional BSM [14] in our scheme, result shows that two-dimensional BSM can be perfect implemented in our scheme. The equation of twodimensional BSM is:
For four-dimensional BSM, the measurement scheme is as same as three-dimensional BSM. Each hyperentangled state is a unique superposition of 16 of the 256 possible combinations of decomposition states. For example, the decomposition form of ψ Same as three-dimensional hyperentangled states, fourdimensional hyperentangled states can also be rewritten as:
The construction rule of four-dimensional decomposition states is same as three-dimensional decomposition states, α
)/2, here, we take quaternary operations on a, b, c, d.
We can follow the three-dimensional BSM scheme, achieve the complete four-dimensional BSM according to Eq. (5). The scheme of three-dimensional BSM can also be extended to arbitrary high-dimensional BSM, thus we derive the equation suitable for arbitrary dimension:
The unique superposition of d × d combinations of arbitrary high-dimensional decomposition states can be directly listed from Eq. (6), thus we can realize the arbitrary high-dimensional BSM.
We have also designed an experimental scheme for three-dimensional BSM. In our experimental scheme, the decomposition state α 3 km is composed of path [23] and OAM [22] DOFs. We use path as system DOF and OAM as auxiliary DOF, complete the three-dimensional BSM via linear optics. In the HDBSM process, three parts are needed: preparation of system state and auxiliary state, unitary operation of single particle with the same DOF, and path-OAM BSM.
As shown in Fig. 1 , firstly, we implement the system state and auxiliary state preparation via a standard three-dimensional path entanglement preparation. System state ψ 3 00 = (|00 + |11 + |22 )/ √ 3 [24] can be prepared by spontaneous parametric down-conversion (SPDC). At the same time, because of the OAM conservation in the SPDC process, there are OAM entanglements in each path. Consequently, the three-dimensional hyperentangled state (|00 + |11 + |22 ) ⊗ (|aa + |bb + |cc )/3 is generated. Next, we construct an unitary operation [25] of three-dimensional path DOF. Nine system states ψ 3 ij can be created by unitary operating on input state(|00 + |11 + |22 )/ √ 3. Finally, we use our designed HDBSM to distinguish nine three-dimensional hyperentangled states. In fig. 1 (c) , each beam was splitted into three beams according to the OAM (-1, 0, +1, where -1 encodes as a; 0 encodes as b; +1 encodes as c). In this way, the OAM DOF is converted into the path DOF. Thus we can distinguish all the nine threedimensional hyperentangled states as shown in Eq. (2).
In detail, α are composed of |0a , |1b , |2c , so we distribute |0a , |1b , |2c into one threedimensional unitary operation, thus via unitary operation, α can also be projected to discrete paths via unitary operation. According to Table I , one can complete HDBSM for system state by coincidence measurement.
Arbitrary HDBSM can be realized by extending the three-dimensional BSM scheme. In the d-dimensional BSM, the d-dimensional OAM auxiliary entanglement and the d-dimensional unitary operation are needed. The construction method of d-dimensional decomposition states can refer the construction of three-dimensional decomposition states.
In conclusion, we propose a method for recognizing high-dimensional Bell states. By using two degrees of freedom of the same particle, we can complete the HDBSM only by BSM between different degrees of freedom in the local region. We deduce the recognition method of arbitrary dimension entangled Bell states, and we design a three-dimensional BSM experimental scheme. The scheme will greatly promote the development of high-dimensional quantum information tasks, such as high-dimensional dense coding, high-dimensional swap, high-dimensional teleportation. [1] D. Bouwmeester, J. W. Pan, K. Mattle, M. Eibl, H. Weinfurter, and A. Zeilinger, Nature 390, 575 (1997).
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